Remarks on some quasilinear equations with gradient terms and 

measure data 

Marie-Francoise BIDAUT-VERON* Marta GARCIA-HUIDOBRO t 

Laurent VERON* 



Abstract 

Let f2 C M. N be a smooth bounded domain, H a Caratheodory function denned in ft x 
M x K , and fj, a bounded Radon measure in f2. We study the problem 

— A p u + H(x, u 1 Vu) = /i in Q, u = on dQ, 

where A p is the p-Laplacian (jp > 1), and we emphasize the case H (x, u, Vw) = ± | Vu| 9 (q > 0). 
We obtain an existence result under subcritical growth assumptions on H, we give necessary 
conditions of existence in terms of capacity properties, and we prove removability results of 
eventual singularities. In the supercritical case, when /i ^ and H is an absorption term, i.e. 
H ^ 0, we give two sufficient conditions for existence of a nonnegative solution. 
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1 Introduction 



Let Q be a smooth bounded domain in M. N (N > 2). In this article we consider problems of the 
form 

— A p u + H(x, u, Vw) = in fi, (1-1) 

where A p -u = div(\Vu\ p ~ 2 Vu) is the p-Laplace operator, with 1 < p ^ JV, is a Caratheodory 
function defined in x R x R , and /i is a possibly signed Radon measure on SI. We study the 
existence of solutions for the Dirichlet problem in Q 

— A p u + H(x, u, Vit) = /x in 0, -u = on 90, (1-2) 

and some questions of removability of the singularities. Our main motivation is the case where fi 
is nonnegative, H involves only V-u, and either H is nonnegative, hence H is an absorption term, 
or H is nonpositive, hence if is a source one. The model cases are 

- Apu + \\7u\ q = /j, in 0, (1.3) 
where q > 0, for the absorption case and 

- Apu = \Vu\ q + inn. (1.4) 

for the source case. 

The equations without gradient terms, 

— A p u + H(x, u) = in fi, (1.5) 

such as the quasilinear Emden-Fowler equations 

— A p u ± u = [i in 

where Q > 0, have been the object of a huge literature when p = 2. In the general case p > 1, 
among many works we refer to [5], [6], [7] and the references therein, and to [8] for new recent 
results in the case of absorption. 
We set 

Qc= N ^~ 1 \ Qc= N [f~l\ (Q c = ooifp = iV), g = p -l + L (1.6) 
W — p iV — 1 w 

(hence q c , q < p < N or q c = q = p = N), and 



(1.7) 



«z + 1 — p 
(thus g* = (/ in case p = 2). 

In Section 2 we recall the main notions of solutions of the problem — A p u = /U, such as weak 
solutions, renormalized or locally renormalized solutions, and convergence results. In Section 3 we 
prove a general existence result for problem (|1.2|) in the subcritical case, see Theorem 13. 11 Then in 
Section 4 we give necessary conditions for existence and removability results for the local solutions 
of problem (jl.ip . extending former results of [19J and [41j, see Theorem 14.51 In Section 5 we study 
the problem (II. 2p in the supercritical case, where many questions are still open. We give two 
partial results of existence in Theorems 15.51 and 15.81 Finally in Section 5 we make some remarks of 
regularity for the problem 

— ApU + H(x, u, Vn) = in fi. 
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2 Notions of solutions 



Let oj be any domain of 1^. For any r > 1, the capacity cap\, r associated to W ' v (oj) is denned by 

capi tr (K,u>) = inf |||-0||^i,r (£j) : V G V{u),xk < V> < l} , 

for any compact set K C w, and then the notion is extended to any Borel set in uj. In R N we denote 
by G\ the Bessel kernel of order 1 (defined by G±(y) = (1 + |yj 2 ) -1 ^ 2 ), and we consider the Bessel 
capacity defined for any compact K C by 

Ca Pl , r (K,R N ) = inf (ll/H^) : / ^ 0,Gi * / ^ X*} • 

On the two capacities are equivalent, see [2]. 

We denote by the set of Radon measures in u, and A4b{uj) the subset of bounded measures, 

and define A4 + (lo), M^{uj) the corresponding cones of nonnegative measures. Any measure \i G 
A4(u) admits a positive and a negative parts, denoted by /i + and fi~ . For any Borel set E, fi^E is 
the restriction of [i to E; we say that fi is concentrated on E" if fi = \x\_E. 

For any r > 1, we call A / I r (w) the set of measures /i € A^(w) which do not charge the sets of 
null capacity, that means /jl(E) = for every Borel set E C u with capi ir (E,uj) = 0. Any measure 
concentrated on a set E with cap\ iT {E,oj) = is called r-singular. Similarly we define the subsets 
M$(u) and Ml + (u). 

For fixed r > 1, any measure \i G ,M(u;) admits a unique decomposition of the form \i = /xo + /U s , 
where /io G A / l r (a;), and [A s = — (J,J is r-singular. If /i ^ 0, then /xo = and /x s ^ 0. 

Remark 2.1 ^ny measure fi G A^b(w) belongs to A4 v (lo) if and only if there exist f G L (co) and 
g G (L r (u)) such that fi = f + divg, see fTl\ Theorem 2.1]. However this decomposition is not 
unique; if fi is nonnegative there exists a decomposition such that f is nonnegative, but one cannot 
ensure that divg is nonnegative. 

For any k > and s G R, we define the truncation Ife(s) = max(-fc, min(/c, s)). If u is measurable 
and finite a.e. in uj, and Ife(it) belongs to W ' p (oj) for every k > 0, one can define the gradient 
a.e. in oo by VTk{u) = Vu.X{\ u \<k} for any k > 0. 

For any / G M + (lR ) , we denote the Bessel potential of / by J\{f) = G\* f. 
2.1 Renormalized solutions 

Let \x G A^ft(O). Let us recall some known results for the problem 

— A p u = /x in fi, u = on d£l, (2-1) 

Under the assumption p > 2 — 1/iV, from [9], problem (|2.ip admits a solution it G Wg' r (f2) for 
every r G [1, q c ) , satisfying the equation in D' (fi) . When p < 2 — 1/N, then q c < 1; this leads to 
introduce the concept of renormalized solutions developed in [16] , see also [33] , [35] . Here we recall 
one of their definitions, among four equivalent ones given in [16J. 
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Definition 2.2 Let fj, = fjP + fi s E TWb(ri), where u° G .M p (f2) and /u, s = [if — /xj is p-singular. A 
function u is a renormalized solution, called R-solution of problem \2.1\) . if u is measurable 
and finite a.e. in Q., such that Tk{u) belongs to Wq' p (Q) for any k > 0, and |Vu| p_1 £L T (Q,), for 
any t G [1,N/(N — 1)) ; and for any h G Ty 1,00 (R) such that h! has a compact support, and any 
ip G W l ' s (n) for some s > N, such that h(u)ip G W^' p (n), 

/ | Vu[ p ~ 2 Vu.S/(h(u)ip)dx = / h(u)ipdfj,Q + h(oo) / ipdfif — h{— oo) I (fdfij. (2.2) 
Jn Jn Jn Jn 



As a consequence, any R-solution u of problem (J2HJ) satisfies |tt| p ' 1 G L a (Q), Vcr G [1, N/(N - p) . 
More precisely, u and |V«| belong to some Marcinkiewicz spaces 

L S '°°(Q,) = < u measurable in U : supfc s \ {x G 0, : |n(:r)| > < oo 

see [9], [5], [16], [27], and one gets useful convergence properties, see |T6l Theorem 4.1 and §5] for 
the proof: 

Lemma 2.3 (i) Let fj, G Aib(Q) and u be any R-solution of problem \2.1\) . Then for any k > 0, 

\Vu\ p dx < \n\ (fi),Vm ^ 0. 

J/p < N, then u G L Qc,00 ($7) and \Vu\ G L« c '°°(0), 

JV N 

\{\u\ ^ ^ C(N,p)k- Q c(\fi\ (fi))*^, |{|Vn| ^ fe}| ^ C7(JV,p)fc- fc (|Ai| (^)) iV_1 • (2.3) 
If p = N (where u is unique), then for any r > 1 and s G (1, N) , 

|{|u| £ S C(N,p,r)k~ r (\f,\ (O))^ 1 , |{|V«| ^ ^ C(iV,p, 5)^(1^1 (O))^. (2.4) 

(ii) Let (fjL n ) be a sequence of measures ji n G M^iQ), uniformly bounded in At(,(f2), and u n be any 
R-solution of 

—A p u n = fi n in Q, u n = on d£l. 

Then there exists a subsequence (p u ) such that (u u ) converges a.e. in £1 to a function u, such that 
Tk(u) G W ' P (Q), and {Tk{u u )) converges weakly in Wq' p (Q) to Tk(u), and {Vu v ) converges a.e. 
in Q to Vu. 

Remark 2.4 These properties do not require any regularity of T2. If~R N \£l is geometrically dense, 
i.e. there exists c > such that \B(x,r)\il\ ^ cr N for any x G M^yO and r > 0, then {2.$ holds 
with s = N, and C depends also on the geometry ofQ. Then \Vu\ G L ,00 (0), hence u G BMO(D,), 
see \r$,\F$. 

Next we recall the fundamental stability result of [16, Theorem 3.1]: 
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Definition 2.5 For any measure p = p° + pf — p~ G .M{,($7), where p° = / — (iiug € .M p ($7), and 
pf,pj are p-singular we say that a sequence (p n ) is a good approximation of p in Mf,(Ct) if it 
can be decomposed as 

p n = p° n +\ n -Vn, with p n = f n -divg n , /„ £ ^(fl), g n G (LP (p,)) N , X n , r] n G M£(tt), 

(2.5) 

such that (f n ) converges to f weakly in L 1 (J7), (g n ) converges to g strongly in (L p (£l)) N and (divg n ) 
is bounded in J*v\\)(Q), and (pn ) converges to pf and (rj n ) converges to p s in the narrow topology. 

Theorem 2.6 ([16J) Let p G Mb(Q), o,nd let (p n ) be a good approximation of p. Let u n be a 
R-solution of 

—A p u n = p n in f2, u n = on d£l. 

Then there exists a subsequence (u u ) converging a.e. in ft to a R-solution u of problem h2.1\) . And 
(Tk{u v )) converges to T^(u) strongly in W ' p (O,). 

Remark 2.7 As a consequence, for any measure p G .M&(fi), there exists at least a solution of 
problem \2.1\) . Indeed, it is pointed out in ]16$ that any measure p G Mb(£l) can be approximated 
by such a sequence: extending p by to R , one can take g n = g, f n = p n * f, \ n = p n * pf, 
Vn = Pn * Pj , where (p n ) is a regularizing sequence; then f n ,^n,Vn G C^°(fi). Notice that this 
approximation does not respect the sign: p G A4t(fl) does not imply that p n G Mt(fl). 

In the sequel we precise the approximation property, still partially used in [201 Theorem 2.18] 
for problem (jl.5|) . 

Lemma 2.8 Let p G Mb(fy- Then 

(i) there exists a sequence (p n ) of good approximations of p, such p n G W~ 1,p (f2), and p n has 
a compact support in Q, \ n ,7] n G C£° (Q) , (/„) converges to f strongly in L l (£l), and 

\p n \(Q)^4\p\(n), Vn G N (2.6) 

Moreover, if p G M.^(^l), then one can find the approximation such that p n G A4^(Q) and (p n ) is 
nondecreasing. 

(ii) there exists another sequence (p n ) of good approximations of p, with , with f n ,gn G T>(Q), 
^n,Vn G C£° (Q), such that (f n ) converges to f strongly in L 1 (r2), satisfying \2. 6\) : if p G A4^(Q), 
one can take p n G T> + (£1) . 

Proof, (i) Let p = p° + pf — p~ , where p° G A4 P (Q), pf,p^ are p-singular and pi = 
(p°) + ,p 2 = (p )-; thus p!(Q) + p 2 (n) + p+(n) + p-(n) £ 2\l4P)\- Following [11], for i = 1,2, 
one has 

Pi = <pa» with 7i G M£(Sl) n W~ ltpf (p.) and ipt G L 1 ^,^). 
Let {K n ) n >i be an increasing sequence of compacts of union Q; set 

n 

V\,i = T^WiXKxhi, Vn,i = T n {ipiXK n )li ~ Tn-iitfiXK^hi, P n ,i = ^2 v n,i = T n {<PiXK n )li- 

1 
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Thus p° ni G M^{VL) n Regularizing by (p n ), there exists <^ nji € such that 

\\(f>n,i ~ ^n,i||^-i,p'(n) = 2 _n //i(fi). Then £ n)i = (f) k>i G £> + (f2); (??„,«) converges strongly in L 1 (fi) 
to a function £j and ||^n,i||^i(Q) = pi(ty- Also setting 

n 

1 

then (G n> i) converges strongly in W~ 1,p (Q) to some Gj, and /Xj = Ci+G, and ||G ? T i,i||^vi 6 (Q) = 2jti$(fi). 
Otherwise X n = Pn* pf and rj n = p n * p~ G (O) converge respectively to pf,pj in the narrow 
topology, with ||A n || L i (Q) ^ ||r?n||ii(n) = Then we set 

/i„ = p° n + p n -r) n with p° n = £ n + G n , £ n =£ n ,i-£n,2 EV(n), G n = G nA -G ni2 eW- 1 ' p '(n) 

thus p^ has a compact support. Moreover po = £ + G with ^ = ^-^2 £ T> (il), and G = G\ — G2 = 
(p + divg for some </p G L p (Q) and 5 G (L p (il))^, and (G n ) converges to G in W~ l,p (Q). Then we 
can find tp n G L p (Q) , <p n G (L p (^)) Ar , such that G n — G = ip n + div<p n and \\G n — G\\ w _ ltP i ^ = 
max(||^ n || L3 ,/ (n) , ||^n||( L p' ( n))iv); then p = f + divg with / = £ + ^ and V n = fn + divg n , with 
/n = £n + + V'n, 9n = 9 + 4>n- Thus (/i n ) is a good approximation of p, and satisfies (|2.6p . If is 
nonnegative, then is nonnegative. 

(ii) We replace p^ by p m * p n = p m * f n + div(p m * g n ), m G N, and observe that \p m * p^\ (^) S 
(^); then we can construct another sequence satisfying the conditions. ■ 

2.2 Locally renormalized solutions 

Let p G A4(£l). Following the notion introduced in [6], we say that u is a locally renormalized 
solution, called LR-solution, of problem 

— A p u = p, in 0, (2-7) 

if u is measurable and finite a.e. in f2, T^{u) G W, for any k > 0, and 

Inr 1 G Lf oc (tt),V(7G [l,JV/(tf-p); | Vu\ p ~ 1 G Lf oc (fi), Vr G r G [1, N/(N - 1)) , (2.8) 

and for any /i G VF 1,00 (]R) such that /i' has a compact support, and <p G V^ 1,m (f2) for some m > N, 
with compact support, such that h(u)(p G W^ 1,p (f2), there holds 

/ | Vu| p ~ 2 Vu.V(h(u)(p)dx = / h(u)(pdpo + /i(+oo) / cpdp^ — h(—oo) / ipdp~ . (2.9) 

Jn Jn Jn 

Remark 2.9 Hence the LR-solutions are solutions in T>'({1). From a recent result of I28\j . if p G 
A4 + (Q), any p-superharmonic function is a LR-solution, and reciprocally any LR-solution admits 
a p-superharmonic representant. 
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3 Existence in the subcritical case 



We first give a general existence result, where H satisfies some subcritical growth assumptions on 
u and Vit, without any assumption on the sign of H or fi: we consider the problem 

— A p u + H(x, u, Vu) = fi in f2, u = on 8U, (3-1) 

where \x G A^b(f2). We say that u is a R-solution of problem f j 1 . 2 f) Tk{u) G Wq' p (0) for any k > 0, 
and H(x,u,Vu) G L 1 (il) and u is a R-solution of 

—ApU = fi — H(x,u,'Vu), in fi, n = on <9il. 

Theorem 3.1 Le£ /i G TWb(il), and assume that 

\H(x,u,0\ Sf(x)\u\ Q + g(x)\£\ q + e(x) (3.2) 

with Q,q > and / G L r (0) u>ii/i Qr' < Q c , g G with qs' < q c , and £ G L 1 (il). 

T/ien i/iere exists a R-solution of \3. 1\) if, either max(Q,q) > p — 1 and (fi) and are 
small enough, or q = p — 1 > Q and ||/||^r(Q) is small enough, or Q = p — 1 > q and WgW^s^ is 
small enough, or q,Q < p — 1. 

Proof, (i) Construction of a sequence of approximations. We consider a sequence 
(A*n) n >i of good approximations of fi, given in Lemma 12.81 (i). For any fixed n G N*, and any 

we define 

p— i p— i 

jV-p p-1 / f „ , \ Qr' JV-1 p-1 / f i \ 9 s' 

M(t>) = |0| * «^ ( y |w| yr dxj + ^ V" / y iVvJ 98 dxj 

$ Wfx) = ff(x,?;(x),Vi;(x)) 

l + ±(f(x)\v(x)\ Q +g(x)\Vv(x)\ q +e(x)) 

so that |$ n (w)(x)| ^ n a.e. in f2. Let A > be a parameter. Starting from u\ G Wq' p {Q) such that 
M{u\) ^ A, we define «2 G W 1,p (f2) as the solution of the problem 

— A p U2 = <&\(u{) + /ii in £1, U2 = on 50, 

and by induction we define u n G Wq' p (Q) as the solution of 

-A p u n = $ n _i(n n _i) + fj, n in 0, n n = on dQ. 

From (J23D, for any a G (0, iV/(JV - p) and r G (0, N/(N - 1)) , 

M^~'{f \u n \ {p - 1)a dx^ + l^l^N 1 -^ ( / \Vu n \ {p - 1)T dx)^ <,C{f |$ n _i(u„_i)|cfe+4|)u|(fi)), 



with C = C(N,p, a, r). We take <r = Qr'/ (p — 1) and r = gs'/ (p — 1); since 

J |i?(x,n n _i,Vn n _i)|dx ^ ||/|| ir(Q) y |n n __i| Qr ' dx)^ + ||g|| i3(n) |Vu n _i|" s ' dx)^ + ||£|| L1(n) 

(3.3) 
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we obtain 

M(u n ) S C( I \H(x,u n ^,Vu n ^)\dx + A\fi\(n)) S biM( % _i)«/H) + 5 2 M( % _ 1 )9/H) +!? . 



with C = C(N,p, q, Q), and h = C ||/|| £r , n) , 6 2 = C ||<7|| £s(n) M 1 ^'-^ , ^ = C ? 

a = 4C |//| (0). Then by induction, M(u n ) A for any n ^ 1 if 

5 lA Q/(p-i) + 6 2 A"/(p-i) + r/ + a ^ A. (3.4) 



When Q < p — 1 and q < p — 1, f|3.4[) holds for A large enough. In the other cases, we note that it 
holds as soon as 

6iA Q/(p-1)-1 + ^/(p-ij-i ^ ^ and ^ ^ A / 4j Q ^ A / 4 _ ( 3 5 ) 

First suppose that Q > p — 1 org > p — 1. We take A ^ 1, small enough so that [b®^ p + 
b «/(p-i)^max(Q,g)/(p-l)-l ^ 1 / 2 , and then rj,a ^ A/4. Next suppose for example that Q = p-l > q, 
a is arbitrary. If 6i small enough, and 77, a are arbitrary, then we obtain f)3.5j) for A large enough. 

(ii) Convergence: Since M(u n ) ^ A, in turn from (|3.3p . (H(x, u n , Vu n )) is bounded in 
and then also <& n (ii n ). Thus 

|$ n -iK-i)| + |/j n | (O) ^ C A := h\ Q /(P-V + b 2 \M q /( p -V + v + 4 | M | (O). 

From Lemma [2T3l up to a subsequence, (u n ) converges a.e. to a function u, (Vu n ) converges a.e. to 
Vit, and converges strongly in L a (fl), for any er € [l,iV/(iV — p)) , and finally ^[Vu n [ p_1 j 

converges strongly in L T ($7), for any r € [l,iV/(iV — 1)) . Therefore (u^ r ) and (\Vu n \ qr ) converge 
strongly in L 1 (f]), in turn ($ n (x, u n , S7u n )) converges strongly to H(x,u,Vu) in Then 
(3>n(z> u n , Vu n ) + /%) is a sequence of good approximations of H(x, u, Vit) + fi. From Theorem 12.61 
u is a R-solution of problem (|3. 1 1> . ■ 



Remark 3.2 Our proof is not based on the Schauder fixed point theorem, so we do not need that 
1 < Qr' or 1 ^ qs'. Hence we improve the former result of [20] for problem il.5\) where H only 
depends on u, proved for 1 < Qr', implying 1 < Q c . Here we have no restriction on Q c and q c . 

Next we consider the case where H and /j are nonnegative; then we do not need that the data 
are small: 

Theorem 3.3 Consider the problem \3.1\) 

— A p u + H(x,u,Wu) = jj, in Q, u = on dQ, (3-6) 
where \x € and 

^ H(x, u, S C(\u\ Q + + £(x) (3.7) 

with < Q < Q c ,0 < q < q c ,C > 0,£ £ L 1 (il). Then there exists a nonnegative R-solution of 
problem \3. 6\) . 
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Proof. We use the good approximation of fi by a sequence of measures /x n = /x„ + X n , with 
G T> + (Q) , A n G (7^(0), given at Lemma [2.81 (ii). Then there exists a weak nonnegative solution 
u n G W ' p (0) of the problem 

—A p u n + H(x,u n ,'Vu n ) = fi n in f2, -u„ = on 30. 

Indeed is a subsolution, and the solution ip n G Wo' p (fi) of — A p ip n = [i n in Q,, is a supersolution. 
Since /i„ € L°°(0), there holds ^ € C 1 '^) for some a G (0,1), thus V G PF 1 ' 00 ^). From [HI 
Theorem 2.1], since Q c S P, there exists a weak solution u n G W^^fi), such that < u n < ifi n , 
hence u n G L°°(Q), and u n G W^'^fJ) for some r > p. Taking ip = A;~ 1 T/ C (u n — m) with m > 0, 
k > 0, as a test function, we get from (|2.6|) 

|Vu n | p drc < /x n (n) < 4/i(fi), (3.8) 

then from Lemma [2.31 up to a subsequence, (u n ) converges a.e. to a function u, (Tfc(u n )) con- 
verges weakly in Wo' p (fJ)and (Vu n ) converges a.e. to Vti, and (\S/u n \ p ) , ^n^"^ converges strongly 

in L CT (0) for any <r G [1, N/(N — p)) , ^|Vn n | p_1 ^ converges strongly in L T (fl), for any r G 

[1, N/(N — 1)) . Then(nn r ) and (\Vu n \ qr ) converge strongly in L 1 (0), in turn {H{x,u n ,Vu n )) 
converges strongly to H(x, u, Vu) in L 1 (Q). Applying Theorem 12.61 to [i n — H(x, u n , Vu n ) as above, 
we still obtain that u is a R-solution of ()3.6p . ■ 




4 Necessary conditions for existence and removability results 

Let \x G M(Q). We consider the local solutions of 

— A p u + H(x, u, Vit) = fj, in f2, 



(4.1) 



We say that u is a weak solution of (|4.ip if u is measurable and finite a.e. in Q, T^(ti) G 

for any k > 0, H{x,u,Vu) G Lj oc (Q) and (|4.ip holds in £>'(0). We say that u is a LR-solution of 

dUD if T k (u) G (fi) for any k > 0, and |Vu| 9 G ^ oc ( n ) and n is a LR-solution of 

—A p u = fi — H(x,u,'Vu), in SI. 



Remark 4.1 If and u is a weak solution, then u satisfies \2.8\) . see for example \S1\ Lemma 

2.2 and 2.3], thus u G W^(Cl). 



(4.2) 



Lemma 4.2 Let \i G A4($7). Assume that h4-l\ ) admits a weak solution u. 
(i) If 

\H(x,u,0\ £Ci|£[* + *(s) 
u>i£a Ci > and ^ G L 1 (fi), i/ien setting C2 = C\ + a* — 1 , /or any £ G 2? + (f2), 



<C 2 [ \Vu\ q ( q *dx + [ \X7(\ q *dx+ [ tC, q *dx. 
Jn Jn Jn 



(4.3) 
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(ii) If H has a constant sign, and 

Co\Z\ q -l(x)^\H(x,u,Q\, 

then for some C = C(Co,p,q), 

( \S7u\ q C q *dx<,C{ ( C 9 *d/i + ( \V(\ q *dx + [ £( q *dx) 
Jn Jn Jn in 

Proof. By density, we can take C 9 * as a test function, and get 

f ( q *dfi = - [ H(x,u,Vu)( q *dx + q* [ \Vu\ p ~ 2 Vu.^^VCdx 
Jn Jn Jn 

and from the Holder inequality, for any e > 0, 

q* [ |Vu| p_1 C 9 * -1 \V(\dx S (q* ~ l)e f \Vu\ q ( q *dx + a 1 ^* [ [VC| 9 * 
Jn Jn Jn 



(4.4) 



(4.5) 



dx 



(4.6) 



which implies f|4. 3|) . If H has a constant sign, then 

Co/ \Vu\ q ( q *dx- [ idx ^ [ \H(x,u,Vu)\( q *dx 
Jn Jn Jn 



H(x,u,S/u)C q *dx 



< 



[ ( q *dfi +q m f IV^I^- 1 C 9 * -1 |VC| rfx, 
Jn Jn 



thus (|4.5p follows after taking e small enough. 

Proposition 4.3 Let jj, G A4(Q), and assume that fl^. i|) admits a weak solution u. 



(i) If fcofofo, i/ien fi G A^fi). 

(mJ If H{x,u,^) ^ — Co and fi and u are nonnegative, then in addition there exists C 
C(Co,p,q) > such that for any compact K C O, 



fi(K) S Ccap ltqt (K,n). 



(4.7) 



Proof, (i) Let E be a Borel set such that capi tQt (E, f2) = 0. There exist two measurable disjoint 
sets A, B such that ft = A U B and fi + (B) = /jl~(A) = 0. Let us show that fi + (A n E) = 0. Let K 
be any fixed compact set in A n -E. Since /x~ (X) = 0, for any 5 > there exists a regular domain 
w CC ft containing K, such that fJ,~(ui) < 5. Then there exists Q n 6 £>(w) such that < Cn < 1, 
and („ = 1 on a neighborhood of K contained in u, and (£ n ) converges to in W 1,q *(^ N ) and a.e. 
in fi, see [2]. There holds 



■{K) < [ &dfj+ = [ &dfi + [ Cd»- < [ C 



dfj, + 6 



and from (14.31) . 



<C 2 / |V«| , Crt*<^+ / |VCn| 9 *^+ /" 

Jn Jn Jn 



10 



And linin^oo f n \\7u\ q ( q *dx = 0, from the dominated convergence theorem, thus \J n ( q *dfi\ < 5 for 
large n; then fi + (K) < 25 for any 5 > 0, thus ^(K) = 0, hence fi + {A fl E) = 0; similarly we get 
fj.~(B HE) = 0, hence p(E) = 0. 
(ii) Here we find 

I ( q *dfi + C I \Vu\ q ( q *dxSq* [ |Vu| p ~ 2 Vu.C 9 * _1 VCcte 
Jn Jn Jn 

and hence from fj4.6f) with e > small enough, for some C = C(Co,p,q), 

[ ( q *dfi <C J |VC| 9 * dx 
Jn Jn 

and fllZD follows, see [M]- ■ 
Remark 4.4 Property (ii) extends the results of \19§ and \J^1\ Theorem 3.1] for equation fli.^[ ). 
Next we show a removability result: 



Theorem 4.5 Assume that H has a constant sign and satisfies {4 -Sty and Let F be any 

relatively closed subset offl, such that capi !q:t (F,~§t N ) = 0, and fi G A4 q *(fl). 
(i) Let 1 < q ^ p. Let u be any LR- solution of 

- A p u + H(x,u,Vu) = fi infl\K (4.8) 

Then u is a LR-solution of 

- A p u + H(x,u, Vu) = fi infl. (4.9) 

(ii) Let q > p and u be a weak solution of f^,ff[ ), then u is a weak solution of fl^.9[ ). 

Proof, (i) Let 1 < q ^ p. From our assumption, T^(u) G W,J? (fl\F), for any k > 0, and 
|u| p_1 G Lf oc (0),for any a G [1, JV/(JV - p)) , and [Vu^ 1 G Lj oc (fl\F), for any r G [1, JV/(JV - 1)) , 
and |Vti| 9 € L ; 1 oc ($7\i ? ). For any compact if C fl, there holds capi^FfliT, TSL N ) = 0, because p ^ g*, 
thus T fc (n) G VF/ o ' c p (0), see [Ml Theorem 2.44]. And u is measurable on f2 and finite a.e. in fl, thus 
we can define V-u a.e. in fl by the formula Vu(x) = VT^(u)(x) a.e. on the set {ie!J: |^(^)| = k} . 

Let us consider a fixed function £ G T> + (fl) and let w CC fl such that suppC C oj and set if f = 
Fn suppC Then is a compact and cap\ tqt (K, M. ) = 0. Thus there exists C, n G £>(w) such that < 
Cn < 1; and („ = 1 on a neighborhood of K contained in u, and (£ n ) converges to in W 1,q *(R N ); 
we can assume that the convergence holds everywhere on M. N \N, where cap\^ qt (N,R N ) = 0, see for 
example [4J Lemmas 2.1,2.2]. From Lemma 14.21 applied to £ n = £(1 — £ n ) in fl\F, we have 

/ \Vu\ q C*dx S C(f &d\fx\ + [ \VU\ 9 *dx+ [ e&dx) 
Jn Jn Jn Jn 

S C([ ( q *d\fi\+ [ \V(\ q *dx+ [ \V( n \ q *dx+ ( l( q *dx). (4.10) 
Jn Jn Jn Jn 



11 



Then from the Fatou Lemma, we get \Vu\ q C q * G L 1 ^) and 

f \Vu\ q ( q *dx S C ( := C( [ ( q *d\n\+ [ \V(\ q *dx [ £C q *dx), (4.11) 
Jn Jn Jn Jn 

where also depends on Q. Taking as test function T k (u)£, q * , we obtain 

f \V(T k {u))\ P a*dx+ [ H{x,u,Vu)T k {u)^dx 
Jn Jn 

T k (u)a*dno + k(f &d/4+ [ / T k {u)\Vu\ p - 2 Vu.V{en)dx- 

: Jn Jn Jn 



From the Holder inequality, we deduce 

~ J^T k (u)\Vu\ p - 2 Vu.V(&)dx 

Jn Jn 

S (q*-l) [ \Vu\ q ( q *dx + ( \V£\ q *dx + q*([ \Vu\ q C q *dx+ I ( q * \S/( n \ q " dx) 
Jn Jn Jn Jn 

S 2g*C c + f \V(\ q * dx + o(n). 
Jn 

Thus from (I4.2p . with a new constant C^, 



I \V{T k {u))\ p ^dx^{k + l)C c + o{ 
Jn 



n 



hence from the Fatou Lemma, 

/ \X7(T k (uW( q *dxS(k + l)C c . 
Jn 

Therefore K" 1 G Lf oc (n), V a G [1, N/(N - p)) and |Vm| p_1 G LJ oc (fl),V r G [1, N/(N - 1)) , 
from a variant of the estimates of [5] and [10J, see [39, Lemma 3.1]. 

Finally we show that u is a LR-solution in Q. : let h G VF 1,oc (]R) such that /i' has a compact 
support, and (p G W l ' m (Si) for some m > N, with compact support in 0, such that h(u)ip G 
VF 1,p (0); let co CC 17 such that supp£ C oj and set K = FflsuppC, and consider £ n G X>(R ) as 
above; then (1 — ( n )ip G W 1,m (fi\.F) and fo(u)(l - C,n) L P & lF 1,p (r£\.F) and has a compact support 
in Q\F, then we can write 

Ji+/ 2 + ^3 + ^4= / h{u)tp(l - ( n )dno + h(+oo) / (p(l - Cn)d/J.f - h(-oo) / (p(l - ( n )dfiJ , 
Jn Jn Jn 



with 



h= f \Vu\ p ~ 2 Vu.h'(u)(p(l -Cn)dx, h = ~ f \Vu\ p - 2 X7u.h(u)(pX7( n dx 

Jn Jn 

I 3 = \Vu\ p ~ 2 Vu.h(u)(l - ( n )V(pdx, h= H(x, u, Vu)h(u)(p(l - ( n )dx 

Jn Jn 
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We can go to the limit in I\ as n — > oo, from the dominated convergence theorem, since there exists 
a > such that 

/ \Vu\ p - 2 Vu.h'(u)ip(l-Cn)dx= ( \VT a {u)\ p - 2 VT a {u).ti{T a {u))v{l-tn)dx. 
in Jn 

Furthermore I2 = o(n), because 



/ |Vu| p 2 Vu.h(u)ipV( n dx S\\h\\ L oo m) ( \Vu\ q ipdx) l/q \\VQ n \\ Lq 
Jn Jn 



(R N ) 



we also go to the limit in I 3 because |V<^| G L m (Sl) and |Vu| p 1 G LJ oc (fl), Vr G [1, N/(N - 1)) ; in 
I4 from (|4.1ip and (|4.2p . and in the right hand side because h(u)ip G L 1 (Q,d/^o), see [TBI Remark 
2.26] and Q n — ► everywhere in M Ar \A r and /^(iV) = 0. Then we can conclude: 



|Vii| p 2 Vu.V(h(u)(p)dx + / H(x,u,Vu)h(u)ipdx 

Jn 



h{u)ipd^Q + /i(+oo) / — h{—oo) j tpd[i s . 

n Jn Jn 

(ii) Assume that q > p > 1 (hence 1 < < p) and u is a weak solution in Q\F. Then 
u G W^(n\F) implies u G (Q\F) = w£?"(n), hence |Vu| is well defined in £^(0). As 

in part (i) we obtain that \S7u\ q ( q * G hence |Vu| 9 G L} oc (Q). For any 99 G £>(^), and ui 

containing suppy?, we have ip(l — Cn) £ ^(^V* 1 )) then we can write J\ + J2 + J3 = f n y?(l — Cn)dfi, 
with 

Ji = / (1— Cn) [Vu[ p ~ 2 Vu.S/ipdx, J2 = — (p\S/u\ p ~ 2 S/u.V( n dx, J3 = / H(x,u,S/u)ip(l—Cn)dx. 
Jn Jn Jn 

Now we can go to the limit in J\ and J3 from the dominated convergence theorem, because iVitl 9 G 
Lj oc (Q) and q > p — 1; and (J* n </?(l — Cn)dn) converges to J n tpd^ as above. And J2 converges to 0, 

because |Vti| p_1 G L^ c (p_1) (0) and |VCn| tends to in L«*(Q). Then « is a weak solution in Q. ■ 

5 Existence in the supercritical case 

Here the problem is delicate and many problems are still unsolved. 

5.1 Case of a source term 

Here we consider problem 

- A p u = \Vu\ q + /i in Q, u = on dtt. (5.1) 

The main question is the following: 

// /i G M q * (il) satisfies condition 7[ ) with a constant C > small enough, does \5.1\) admit 
a solution? 

In the case p = 2 < q, the problem has been solved in [19J. In that case one can define the 
solutions in a very weak sense. According to [14], setting p(x) = dist(x,d£l), a function u is called 
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a very weak solution of (f5TT]) if u G (Q) D |Vu| 9 € L 1 (tt,pdx) and for any i^eC 2 (Q) 
such that </? = on dd, 

— / uAipdx = / iVul 9 + / tpd/j,. 
Jn Jn Jn 

Theorem 5.1 ([19J) Let /j, G A4 + (Q). Ifl<q and p = 2 and \5.1\) has a very weak solution, then 

H(K) SCcap hq/ (K,n) (5.2) 

holds for any compact K C O, and some C < Ci(N,q). Conversely, if 2 < q and \5.2\) holds for 
some C < C 2 {N ,q,£l) then \5.1\) has a very weak nonnegative solution. 

In the general case p > 1, such a notion of solution does not exist. The problem (|5.ip with 
p < q was studied by [H] for signed measures fj, G ,M&(n) such that 

Mi, g .,n = m p{ c^|Sj : K com P act of ^ N ,Ca Pl , q *(K,R N ) > o} < oo. 

Theorem 5.2 ([41J) Let 1 < p < q. Let \i G A^b(O). There exists C\ = Ci(N,p,q,tt) such that if 

\n(KnQ)\ S Ccapi >q * (K, R N ) (5.3) 

for any compact K C R N , and some C < C\, then fl5. 1\) has a weak solution u G W ' q (Q), such 
that [|Vu| g ] 1 * q is finite. Ln particular this holds for any /i G L N ' q *'°°(Q). 

Very recently the case p = q, has been studied in [23] for signed measures satisfying a trace 
inequality: setting p# = (p — l) 2 ~ p if p ^ 2, p* = 1 if p < 2, they show in particular the following: 

Theorem 5.3 ([23]) Let 1 < p = q. Let \x G Mb(ty such that 

-Ci ( \V(\ p dxS [ \(\ p du<C 2 ( \V(\ p dx, VCGP(S^), (5.4) 
Jn Jn Jn 

with Ci > and C 2 G (0,p # ). Then ([OP /i as a weak solution u G W;J?(fl). 
The existence for problem (|5,ip is still open in the case q < p for p ^ 2 

5.2 Case of an absorption term 

Here we consider problem (j 1 . 2 1) in case of absorption, where /i G M^~(Q) and we look for a nonneg- 
ative solution. In the model case 

— A p u + |Vii| 9 = [i in $7, u = on 9fJ, (5-5) 

the main question is the following: If \x G M^* + (S7), hence fj, = f + drag, ureto, / G L 1 (SI) and 
5 G (L 9 /^ -1 ) (fi))^, does ( 15.5)) admits a nonnegative solution? 

Remark 5.4 £/p to changing u into —u, the results of Theorem \5.2\ and \5.3\ are also available for 
the problem A5.5\) but we have no information on the sign of u. 

In the sequel we give two partial results of existence. 
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5.2.1 Case q ^ p and p G M p b + {9.) 

Here we assume that [i G Ai p (fi), subspace of Our proof is directly inspired from the 

results of [TT] for the problem (|3.6p . where g = p and H(x,u,£)u ^ 0. 

Theorem 5.5 Le£ p — 1 < q ^ p. Let fj, G (fi), and 

^ ff(a;,«,e)^Ci|e| , ' + ^), (5.6) 
fffs.u.O ^ Coiel 9 foru^L, (5.7) 

with £(x) G L^fi), Cfc, Co, L 0. T/ien there exists a nonnegative R-solution of problem 

Remark 5.6 The result was known in the case where H(x,u,Vu) = \Vu\ q , p = 2, and fi G L 1 (CI) 
fsee /or example where the existence for any fi G A4^ + (Cl) is also claimed, without proof). For 
p ^ 2, f/ie case q < p, \i G L 1 (fi) is partially treated in ^Ujj. 

Proof. Let fi = f — divg with / G L 1+ (Cl) and g = (<&) G (LP (Q)) N . Here again we use the 
good approximation of \i by a sequence of measures \i n G M^(Cl) given at Lemma I2T51 (ii), A n = 0, 
thus \i n = ^ = f n — divg n , with f n G V + (CI) and g n = (g n ,i) G (X^fi)"^). Hence there exists a 
weak nonnegative solution u n G Wq' P (^) OI " the problem 

— A p n n + H(x, u n , Vu n ) = fi n in fi, -u n = on 9fi. 

Since il(a;, u, £) ^ 0, taking ip = k~ l Tk(u n — m) with m > 0, k > 0, as a test function, we still obtain 
(|3.8p . From Lemma [231 up to a subsequence, (u n ) converges a.e. to a function u, (Tk(u n )) converges 



weakly in Wq ,p (Cl), (Vu n ) converges a.e. to Vit, and (Un 1 J converges strongly in L a (Cl), for any 

IP— 1 



o" G [l,iV/(iV — p)) . Thus lim^^oo sup ngN \{u n > k}\ = 0, and (jVii n | p J converges strongly in 
L T (Cl), for any r G [1, N/(N — 1)) . Moreover the choice of ip with m + k > L gives 

W \Vu n \ p dx + C f \Vu n \ q dx^ii n (Cl)^^(Cl). 

^ J {m^uSm+k} J {u n >m+k} 

Taking m = we obtain 

/ \Vu n \ q dx< [ \Vu n \ q dx + [ \VT k (u n )\ q dx < 4Cq 1 h(CI) + [ \VT k (u n )\ p dx + \Cl\ 
Jn J{u„>k} Jn Jn 

since q^p; thus from the Fatou Lemma, |Vn| 9 G L 1 (CI) . Moreover using ip = T\(u n — k), 

/ \Vu n \ p dx + / H(x,u n ,Vu n )dx ^ / f n dx+ / \g n .Vu n \dx. 

J {fc-liSungfc} J{u n >k} J{u n >k-1} J{k-l<u n <k} 

Therefore, from the Holder inequality, 

/ \Vu n \ p dx+p' H(x,u n ,Vu n )dx < / f n dx+(S^ I \g n ,i\ p dx). 

J {k-l<u n <k} J{u n >k} J{u n >k-1} i=1 J {k-l<u n <k} 
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From Lemma 12.81 there holds 

lim sup( / \Vu n \ p dx + \ H(x,u n ,Vu n )dx) = 0. (5-8) 

fc->oo neN J{k-l<u n <k} J{u n >k} 

Next we prove the strong convergence of the truncates in Wq' p (Cl) as in [11]: we take as test 
function 

ip n = $(T k (u n ) - T k (u)), where *(s) = se^ 4 , 

where 9 > will be chosen after, thus $'(s) > 6> |$(s)| + 1/2. Then p„ G Ty o 1>p (O) n L°° (Cl) , and 
we have \(p n \ < $(fc); setting ^ n = ^(T^iin) — T k (u)), we have < tjj n < <&'(&). Then y> n — > 0, 
■0n — > 1 in (O) weak * and a.e. in fi. We set a(f) = |£| p ~ 2 £, and 



X = / (a(V(T fe K)) - a(V(T k (u))).V(T h (u n ) - T k (u))^ n dx, 
Jn 

and get X + Ji = I2 + I3 + h with 



Ii = / H(x,u n ,Vu n )(p n dx, h= a(X7(T k (u)).X7(T k (u) -T k (u n ))ilj n dx, 
Jn Jn 

h = / f n fndx+ / div(g n - g)(p n dx + / g.V(T k (u n ) - T k (u))^ n dx, 
Jn Jn Jn 



h = - a(V(u n - T k (u n ))S7(T k (u n ) - T k (u))ip n dx = / a(V(ii„ - T k (u n )).V(T k (u))ip n dx. 
Jn J {u n >k} 

From this, one can easily see that I/2I + l-^l + = o(n). Since H(x,u n ,'Vu n ) <* for u n > k, 
then X ^ I5 + o(n), where 



4 = 
with 



H(x,u n ,Vu n )<p n dx 

{u n <k} 



<Ci / |V(T fc u n )| p )| ¥ > n |ds + / Z|^ n |dx^Ci(F + J 7 ) + (n) 



y= / (a(V(r fc (n n ))-a(V(r fc (u))).V(T fc (u„)-T A; (t l ))|^ n |dx, 

I 7 = / a(V(T fc (u))).V(r fc (u ri ) - Tfc(u)) |^ n | dx + / (a(V(T fc (u n )).V(T fe (V)) |</? n | dx 
Jn Jn 

and then I7 = o(n). We get finally X ^ CiY + o(n); choosing = 2Ci, we deduce that 
(a(V(T k (u n )) - a(V(T k (u))).V(T k (u n ) - T k (u))dx = o(n). 

n 

Hence (T k (u n )) converges strongly to T k (u) in Wq' p (Cl) . Therefore H(x, u n , Vu n ) is equi-integrable, 
from (j5.6j) and (j5.8[) . since for any measurable set E C Cl, 



/ H(x, u n , Vu n )dx ^ Ci / [V(TfcU n )| p (ix + / Mi + / H(x,u n ,Vu r 
Je Je Je J{u n >k} 



)dx. 



Then (H(x,u n ,Vu n )) converges to H(x,u,Vu) strongly in L 1 (Q); thus (/u n — H(x,u n ,'Vu n )) is a 
good approximation of fi — H(x,u, Vu), and u is a R-solution of problem ()3. 1 j) from Theorem 12.61 
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Remark 5.7 In the case p — 1 < q < p, and if \5. 6\) is replaced by 

0^ ^CiKI 5 (5.9) 

the proof is much shorter: in order to prove the equi-integrability of (H(x, u n , Vu n )) we do not need 
to prove the strong convergence of the truncates: indeed for any measurable set E C O, 



I \Vu n \ q dx<, [ \V{T k u n )\ q dx + [ |V 

JE JE Jiu„>k} 



u n \ q dx 

{u n >k} 



and (VTfc(it n )) converges strongly to VTfc(-u) in L q (Q) and 115. ty) holds. Then (H(x,u n ,'Vu n )) 
converges to H(x, u, Vu) strongly in L 1 (fi) . 

5.2.2 Case where /i satisfies (|4.7|) 

Here we assume that /i G _A4^(f2) satisfies a capacity condition of type (|4.7p . For simplicity we 
assume that [i has a compact support in O. In the sequel we prove the following: 

Theorem 5.8 Let 1 < q ^ p or p = 2. Assume that fi G has a compact support and 

satisfies 

fJ,(K) ^ Cicapi t q*{K, f2), for any compact K C f2, (5.10) 

for some C\ = C(N,q,£l) > (non necessarily small). Then there exists a nonnegative R-solution 
u of problem \5.5\) . such that [|Vu| l? ] 1 „ n is finite. 

First recall some equivalent properties of measures, see [351 Theorem 1.2], [19l Lemma 3.3], see 
also 

Remark 5.9 1) Let fi G A^^(O), extended by to R . Then t5.10\) holds if and only if there exists 
C2 > such that 

[ C^dfi <C 2 [ IVCI 9 * dx, VC G D + (r2); (5.11) 
Jn 

the constants of equivalence between C±,C2 only depend on N, g*,f2. 

If moreover \i has a compact support Kq C £1, then \5. 1 0\) holds if and only if there exists C3 > 
such that 

H(K) S C 3 Cap 1:qt (K,M N ) for any compact K C R N ; (5.12) 

the constants of equivalence between Ci,C% only depend on N,q*,KQ. 

2) Let v G .M^M^). Then \5.12\) holds if and only if there exists C4 > such that Ji{v) is 
finite a.e. and 

Ji((JiM) 9 *) S C4J1H a.e. in R N ; (5.13) 
the constants of equivalence between C^,Ct± do not depend on v. 

Following the ideas of |41| Theorem 3.4] we prove a convergence Lemma: 

Lemma 5.10 Let (z n ) be a sequence of nonnegative functions, converging a.e. in L 1 (J7). Extending 
z n by in R \Q, assume that for some C > 0, 

/ zt^^'dx^C f \V£\ q *dx Vn G N,V£ G V + (R N ). 
Jn Jn 

Then (z n ) converges strongly in L«/0 , " 1 )(O). 
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Proof. From our assumption, (z n ) is bounded in L q ^ p ^(H), then up to a subsequence, it 
converges to some z weakly in L«/(p- 1 )(0) and a.e. in Q. Consider a ball B D O of radius 2diam£l, 

and denote by G the Green function associated to —A in B. Set w n = Zn^ P , and extend w n by 
to K^fJ. Then for any compact K C 



[>A r 



w„dx 



Knn 



Jkdb 



^ N ) 



which means that [rojj g * B is bounded, and 

|VGK)(x)| S f \VxG(x,y)\w n (y)dy£CG 1 *w n {x), 



B 



with C = C(iV,diamf2). In turn from |41j Corollary 2.5], we get 



|VGK)F 



B 



< c 



\Gi * wJp- 1 



l,q*,B 



S C [w n ]l l 



9/(p-1) 
q*,B ' 



hence it is bounded. Therefore |VG(u> n )| is bounded in L q K p ~ l \B), thus \VG(w n — w)\ is bounded 
in L q K p ~ l \B). Let (p £T> (B) and s > be fixed. Since (z n ) converges a.e. to z , from the Egoroff 
theorem, there exists a measurable set u> £ C B such that converges to w = z q ^ p ^ 1 ^ uniformly 
on oj £ , and || | V</?| || 



< e. Then it follows that 



/< 



w)ipdx 




I (w n — w)(pdx 








Jb 








- [ (A(G(w n - 


w)(pdx 






Jb 





V(G(uu n — w).V(pdx 



Considering the two integrals on B\u e and w £ we find lim Jo(w n — w)(pdx = 0. Taking ip = 1 on ri, 



it follows that lim J Q 



,9/(p-i) 



fix = J"^ ^/(p i)^; anc j the proof is done. 



Proof of Theorem 15.81 From our assumption, \i € M. q (Cl). We consider the problem 
associated to fi n = fi * p n 



A p u n + |Vu n | 9 = /i„ in Q, u n = on 



(5.14) 



For q ^ p, from [12, Theorem 2.1], as in the proof of Theorem 13. 3| (|5.14p admits a nonnegative 



solution u n e W 1 ' p (fi)nC ,1,a (fi). Moreover we can approximate u n in C by the solution 

(e > 0) of the problem 

-div((e 2 + |Vu„ i£ | 2 )Vvii n]£ ) + (e 2 + |Vn nj£ | 2 )2 = p, n in 0, u n . s = on d£l 
Multiplying this equation by £ 9 * with £ € X >+ (]R Ar ), we obtain 

f (e 2 + \Vu n , E \ 2 ) E ^Vu n , £ .t q *- 1 Vtdx+ [ (e 2 + \Vu n , £ \ 2 )^ q *dx 
Jn Jn 

£ q * H n dx + q* / ^(e 2 + \Vu n , E \ 2 ) R ?~Vu n , £ .vds. 
n Jan 
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The boundary term is nonpositive, hence going to the limit as e — > 0, we get 

/ \Vu n \ q £ q *dx^ [ £ q *n n dx + q* [ \Vu n \ p ~ 2 Vu n 4 q *~ 1 V^dx (5.15) 
Jn Jn Jn 

When p = 2, existence also holds for q > 2, from [32]; and then u n G C 2 (17), thus (|5.15p is still 
true. As in Lemma H~2l it follows that for any £ £ P + (lR Ar ) 

/ \vu n \ q i q 'dx^c{f e 9 *^n+ / iver*dx). (5.16) 

./n is] Jo, 

Otherwise, since from Lemma [2.31 up to a subsequence (u n ) converges a.e. to a 

function -u, {Tk{u n )) converges weakly in Wo' p (fi) and (Vu n ) converges a.e. to Vu in Q,. Note also 
that (u ra ) is a sequence of good approximations of u, since u has a compact support (see [8]). 
From (IISD, for any £ G P+(M 7V ), we have lim f n C q *dp n = f n C q *dp, since £ 9 * G C C (R JV ). Then 
f n £, q *d/j, S C j n \Vt;\ q * dx. From the Fatou Lemma, we obtain 

f \Vu\ q i q *dx <, C( [ £, q *dfi+ [ \X7£\ q *dx)SC [ |V£| 9 * dx, (5.17) 
Jn Jn Jn Jn 

hence |Vu| 9 G L 1 (0) . And then for any compact K C M. N , taking £ = 1 on K, 

[ \Vu\ q dx SCCap hq ,(K,R N ), 
Jxnn 

thus [| V?/ 1 9 ] 1 * q is finite. Moreover, extending /i by to M Ar \ri, we see from Remark 15.91 that // 
satisfies condition (|5.1ip . which is equivalent to (|5. 13|) . By convexity, \i n also satisfies f|5. 13|) and 
hence (|5.1ip . with the same constants, i.e. for any n G N and any £ G T> + (JH N ), 

[ pdHn^Cz [ |V£| 9 *dx (5.18) 
Jn Jn 

Then from (|5.16p with another C > 0, 

f \Vu n \ q i q *dx^C f \V£\ q *dx (5.19) 
Jn Jn 

Next we can apply Lemma [5.101 to z n = \Vu n \ p ~ l , since (Vu n ) converges a.e. to Vu in Vt. Then 
(|Vu n | 9 ) converges strongly in L 1 (fi) to |Vu| 9 . Thus (u n — |Vu n | 9 ) is a good approximation of 
(fx — \Vu\ q ). From Theorem 12.61 u is a R-solution of the problem. 

From \23\ Theorem 1.4], condition (|5. 17|) (for TV ^ 2) implies that q* < N, that means q > q c , or 
|Vu| 9 = in O, thus /x = 0. If p = divg with g G (l^(9+i-p)/(p-i)>°°(^))^ with compact supp ort, 

then \g\£* G L N / q *'°°(p), thus 

I ( q * \g\^ dx < C 2 [ \VC\ q 'dx, VCGP+(fi). 
Jn Jn 

Hence u satisfies (|5.1ip from the Holder inequality. Note that u G A4 q *(£l), since q > q c implies 

\g\ 6 i#-l)(fl)W. B 
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Remark 5.11 Let q ^ p and fi = divg, where g has a compact support in O. From Theorems 15,51 
and \5.8[ we have existence when g G (L p (Q)) N , or when g G (L Ar ( l?+1 ~ p )/(P~ 1 )' 00 (Jl)) Ar . Observe 
that IP (O) D j j n (q+ 1 -p)/(p- 1 ) (^) if an d on iy if q ^ q : where q is defined at il.6\) . Hence Theorem 
15.51 brings better results than Theorem \5.8\ when q S Q = P- 

Remark 5.12 The extension of this result to the case p < q,p ^ 2 will be studied in a further 
article. 

6 Some regularity results 

In this section we give some regularity properties for the problem: 

- A p u + H(x, u, Vu) = in Q. (6.1) 

We first recall some local estimates of the gradient for renormalized solutions, see [20], following 
the first results of [9], and many others, see among them [3], |26| . 

Lemma 6.1 Let u be the R-solution of problem 

—A p u = f in O, u = on dVt, 

with f G L m (f2), 1 < to < N. Set m = Np/(Np — N + p) = p/q, where q is defined in tl.6\) . 

(i) If m > N/p, then u G L°°(Q). If to = N/p, then u G L k (Q) for any k ^ 1. If m < N/p, then 
u p-i € L k(ty j or k = Nm /( N -pm). 

(ii) |Vu| (p_1) G L m *(n), where to* = Nm/(N - m). Ifm ^ to, then u G W 1,p (O). 

Remark 6.2 The estimates on u and |Vu| are obtained in the case m <m by using the classical 
test functions <f>p^ e (Tk(u)), where (f)p te (w) = JJ"(e + \t\)~@dt, for given real /3 < 1. Let us recall the 
proof in the case m ^ to, p < N. Then L m (Q) C W~ 1,p ' {£1), thus, from uniqueness, u G Wq' p (Q) 
and u is a variational solution. If m = m, then m* = p' , and the conclusion follows. Suppose 
to > to, equivalently to* > p'. For any a > p, for any F G (L a (Q)) , there exists a unique weak 
solution w in WQ ,e7 (£l) of the problem 

-A p w = div(\F\ p ~ 2 F) inQ, w = on dtt, 

see i251j . }29§ . I30\/ . Let v be the unique solution in Wq' 1 ^) of the problem 

- Av = f inQ, v = on dtt. (6.2) 

Then from the classical Calderon-Zygmund theory, v G W 2 ' m (Q), then \Vv\ G L m (Q). Let F be 
defined by \F\ P ~ 2 F = Vv. Then F G (L a (Q)) N , with a = (p - l)m* > p. Then -A p w = -Av = f, 
thus w = u. Then u G Wo' a {n), thus |Vn[ (p_1) G L m *{VL). 

We also obtain local estimates: 
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Lemma 6.3 Let u G W i( £! (O) such that 

—A p u = f in Q, 

with f G L^ c (f2), 1 < m < N, and m > m. Then |Vii| p_1 G L[|J*(0). Furthermore, for any balls 



Bi CC B 2 CC fi, 
arid 1 1 ^11 v^i,p(^b 2 ) • 



Vu 



p-i 



is bounded by a constant which depends only on N, p, B\ , B 2 



Proof. We consider again the function v defined in (|6.2p . and set F = X7v. Then 

loc 1 



F G (L a (Q)) N with a = (p — l)m*, and u G W» J"? (^) is a solution of the problem 



-A p n = div{\F\ p ~ 2 F) inn. 

Then, from [29], u G W^(f2) and for any balls B\ CC B 2 CC f2, IMIpi/i,^^) is controlled by the 
norm \\u\\ m , p{B2) . ■ 

Next we consider problem (|6.ip in the case q < q, where q is defined at (jl,6p . 

Theorem 6.4 Lei < g < q, N ^ 2. Let H be a Caratheodory function on £1 x M. such that 

\H(x,u,0\ Sg(x) + C\(\\ (6.3) 

where g G L^+ £ (Q) , C > 0. Let u G W/ ' p (fi) 6e am/ weafc solution of problem W.l\) . Then 
u G C 1 '" (ri) /or some a € (0, 1) . Moreover for any balls B\ CC -B2 CC f2, is bounded 

by a constant which depends only on N,p, B\,B 2 , \\g\\ LN+E ^ B2 -j , and the norm \\u\\\yi,p(B 2 ) • 

Proof. Since u G (O) , the function / = -H(x,u,Vu) satisfies / G L™° (0) from dOl . 
with mo = p/q > 1- Notice that g < g is equivalent to mo > m. If mo > N, then from |18|, Theorem 
1.2], |Vu[ G ($7) and we get an estimate of || |Vn| || LOO ( Sl ) in terms of the norm IMIw 1 ^^) and 
\\g\\ L N+e {B2) ■ Then u G C (ft) , / G L™ c (ft) , hence u G C l > a (ft) for some a G (0, 1) . 

Next suppose that mo < N. Then from Lemma 16.31 we have |Vu| p_1 G L^~^ m o(n). In turn, 
from / G U£l (ft) with m 1 = (p - l)ml/q. Note that mi/m = N(p - \)/{qN -p) > 1 since 

q < q. By induction, starting from mi, as long as m n < N, we can define m n+ i = (p — l)m*_ 1 /o, 
and we find m n < m n+ i. If m n < N for any n, then the sequence converges to A = N(q — p + l)/q, 
which is impossible since p/q < A and q < q. Then there exists no such that m nQ ^ N. If no = N, 
or if mo = N we modify a little mo in order to avoid the case. Then we conclude from above. ■ 



Remark 6.5 The result, which holds without any assumption on the sign of H , is sharp. Indeed 
for q < q < p < N, the problem —A p u = \Vu\ q in B(0, 1) with u = on dB(0,l) admits the 
solution 

p—q 

x 1 — > uc{x) = C{\x\ — 1), 

for suitable C > 0, and uc G Wq' p (ft) for q < q. 



Next we consider the absorption case, and for simplicity the model problem: 
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Theorem 6.6 Let < q < p. Let u G WiJ? (f2) be a nonnegative weak solution of 

—A p u + |Vti| 9 = in VI. 

Then u 6 L^ c (fi) , and /or an?/ balls B\ CZCZ -62 ^? II^IIl 00 ^!) ^^d ll^llvi /rl,p (-Bi) controlled by 
the norm \\u\\ LP f B2 \ ■ 

As a consequence, if q < q, then u G C 1,a (Cl) for some a G (0, 1) . In particular |||Vu[|| ioo / B % 
is controlled by \\u\\lp(B2) ■ = ^> ^ e resu ^ i s s ^ true for any q < p. 

Proof. Since u G W^f (O) and — A p u ^ in 0, from the weak Harnack inequality, for any ball 
B(xo, 3p) C Cl, and any £ > p — 1, 

sup M<C(/ uM , (6.4) 

B(xo,p) \JB(x ,2p) J 

with C = C(N,p,£), in particular for £ = p. Then u G Lf£ c (Q) . For any £ G P (0) , taking m£ p as 
a test function, we get 



Jn 



p / e~ l u\Vu\ p ~ 2 Vu.V£dx 
n 



< 1 
- 2 



1 / |Vu| p £ p dx + C p ( u p \Vi\ p dx. 

2 Jn Jn 



Then for any balls B\ CC B2 CC O, we obtain that |||Vit|||^ P ( Bl \ is bounded by a constant which 
depends only on N,p,B and ||it||ip(s 2 ) ■ ^ ne conclusions hold from Theorem 16.41 

Next assume that p ^ 2, and q < p. We still have / = — |Vu[ 9 G (0) , with mo = p/q > 1, 

since u G W/J? (O) . From a local version of [361 Theorem 5], there holds Vu G (W^ c m ° (p 1} (fi))* 

for any a < l/(p — 1), then u G X ^ (0) for any A; < p'. Since we have also u G L^ c (fi) , 

from Gagliardo-Nirenberg inequality, 

1 1 

1 1 1 V7 1 1 1 ^ 1 1 1 1 ^ 1 1 1 1 

III vu lllL fcm o(p- 1 )(Bi) = H U llvK fc ' m o(P-i)(Bi) H U lli°°(Bi) ' 

Therefore |Vuj G L m ° s for any s < p. Then / G (Q) , for any mi < m^p/q = m^. By 
induction, for any r ^ 1, / G L^ c (O) for any m < mj. Thus / G U^ c (d) for any m ^ 1. We deduce 
as above that |Vu| G L?° (O) from [T81 Theorem 1.2], and then u G C 1,Qf (O) for some q G (0, 1) . ■ 

Remark 6.7 f/p to our knowledge, the regularity in the case p < 2 is still an open problem, even 
ifp > 2- 1/iV. 

Acknowledgement 6.8 The first and second author were supported by Fondecyt 1110268. The 
second author was also by MECESUP 0711 and CNRS UMR 1350. The third author was partially 
supported by Fondecyt 1110003. 



22 



References 

[1] Abdellaoui B., Peral I., Primo A., Breaking of resonance and regularizing effect of a first order 
quasilinear term in some elliptic equations, Ann. I. H. Poincare 25 (2008), 969-985. 

[2] Adams D. and Polking J., The equivalence of two definitions of the capacity, Proc. A. M.S., 37 
(1973), 529-534. 

[3] Alvino A., Ferone V., and Trombetti G., Estimates for the gradient of solutions of nonlinear 
elliptic equations with L 1 data, Ann. Mat. Pura Appl. 178 (2000), 129-142. 

[4] Baras P. and Pierre M., Singularity's eliminables pour des equations semi-lineaires, Ann. Inst. 
Fourier, 34 (1984), 185-206. 

[5] Benilan P., Boccardo L., Gallouet T., Gariepy R., Pierre M., and Vazquez J., An L 1 theory of 
existence uniqueness of nonlinear elliptic equations, Ann. Scuola Norm. Sup. Pisa, 28 (1995), 
241-273. 

[6] Bidaut-Veron M.F., Removable singularities and existence for a quasilinear equation, Adv. 
Nonlinear Studies 3 (2003), 25-63. 

[7] Bidaut-Veron M.F., Necessary conditions of existence for an elliptic equation with source term 
and measure data involving the p-Laplacian, E.J.D.E., Conference 08 (2002), 23-34. 

[8] Bidaut-Veron M.F., Nguyen Quoc, H. and Veron L., Quasilinear Emden-Fowler equations with 
absorption terms and measure data, preprint. 

[9] Boccardo L., and Gallouet T., Nonlinear elliptic and parabolic equations involving measure 
data, J Funct. Anal. 87 (1989), 149-169. 

[10] Boccardo L., and Gallouet T., Nonlinear elliptic equations with right-hand side measures, 
Comm. Partial Diff. Equ. 17 (1992), no. 3-4, 641-655. 

[11] Boccardo L, Gallouet T., and Orsina L., Existence and uniqueness of entropy solutions for 
nonlinear elliptic equations with measure data, Ann. Inst. H. Poincare Anal, non Lin. 13 (1996), 
539-555. 

[12] Boccardo L., Murat F., Puel J., Resultats d'existence pour certains problemes elliptiques 
quasilineaires, Ann. Scuola. Norm. Sup. Pisa 11 (2) (1984) 213-235. 

[13] Boccardo L., Segura de Leon S., Trombetti C, Bounded and unbounded solutions for a class 
of quasi-linear elliptic problems with a quadratic gradient term, J. Math. Pures Appl. 80 (9) 
(2001) 919-940. 

[14] Brezis FL, Cazenave T., Martel Y., and Ramiandrisoa A., Blow-up for Ut — Au = g(u) revisited, 
Adv. Diff. Eq. 1 (1996), 73-90. 

[15] Dal Maso G., On the integral representation of certain local functionals, Ricerche Mat., 22 
(1983), 85-113. 



23 



[16] Dal Maso G., Murat F., Orsina L., and Prignet A., Renormalized solutions of elliptic equations 
with general measure data, Ann. Scuola Norm. Sup. Pisa, 28 (1999), 741-808. 

[17] Dolzmann G., Hungerbiihler, N., Miiller, S. Uniqueness and maximal regularity for nonlinear 
elliptic systems of n-Laplace type with measure valued right hand side. J. Reine Angew. Math. 
520 (2000), 1-35. 

[18] Duzaar F. and Mingione G., Local Lipschitz regularity for degenerate elliptic systems, Ann. I. 
H. Poincare 27 (2010) 1361-1396. 

[19] Hansson K, Mazja V. and Verbitsky I., Criteria of solvability for multidimensional Riccati 
equations, Ark. Mat. 37 (1999), 87-120. 

[20] Hamid A. and Bidaut-Veron, M.F., On the connection between to quasilinear elliptic problems 
with lower terms of order or 1, Comm. Contemp. Math. 12, N°5 (2010) 727-788. 

[21] Jayc B. and Verbitsky I., The fundamental solutions of nonlinear equations with natural growth 
terms, Ann. Scuola Norm. Sup Pisa, to appear. 

[22] Jaye B. and Verbitsky I., Local and global behaviour of solutions of nonliner equations with 
natural growth terms, Arch. Rat. Mech. Anal. 204 (2012), 627-681. 

[23] Jaye B, Maz'ya V. and Verbitsky I., Quasilinear elliptic equations and weighted Sobolev- 
Poincare inequalities with distributional weights, Advances Math. 232 (2013), 513-542. 

[24] Heinonen J., Kilpelainen T. and Martio O., Nonlinear potential theory of degenerate elliptic 
equations, Oxford Science Publications, 1993. 

[25] Iwaniec T., Projections onto gradient fields and L p estimates for degenerate elliptic operators, 
Studia Math. 75 (1983), 293-312. 

[26] Kilpelainen, T. and Bongbao, L., Estimates for p-Poisson equations, Diff. Integral Equ. 13 
(2000), 781-800. 

[27] Kilpelainen T., Nageswari Shanmugalingam N., and Zhong X., Maximal regularity via reverse 
Holder inequalities for elliptic systems of n-Laplace type involving measures, Ark. Mat., 46 
(2008), 77-93. 

[28] Kilpelainen, T., Kuusi T., and Tuhola-Kujanpaa A., Superharmonic functions are locally renor- 
malized, Ann. I.H.P. Anal.non lineaire, 28 (2011), 775-795. 

[29] Kinnunen J. and Zhou S., A local estimate for nonlinear equations with discontinuous coeffi- 
cients, Comm. Part. Diff. Equ., 24 (1999), 2043-2068. 

[30] Kinnunen J. and Zhou S., A boundary estimate for nonlinear equations with discontinuous 
coefficients, Diff. Int. Equ. 14 (2001), 475-492. 

[31] Leonori T., Large solutions for a class of nonlinear elliptic equations with gradient term, Ad- 
vances Nonlinear Studies, 7 (2007), 237-269. 



24 



[32] Lions P.L., Resolution de problemes elliptiques quasilineaires, Arch. Rat. Mech. Anal. 74 
(1980), 335-353. 

[33] Maeda F., Renormalized solutions of Dirichlet problems for quasilinear elliptic equations with 
general measure data, Hiroshima Math. J., 38 (2008), 51-93. 

[34] Maz'ya V., Sobolev Spaces with application to elliptic partial differential equations, second 
ed., in Grundlehren der Math. Wissenshaften, 342, Springer, Heidelberg, 2011. 

[35] Maz'ya V. and Verbitsky I, Capacitary inequalities for fractional integrals, with applications 
to partial differential equations and Sobolev multipliers, Ark. Mat. 33 (1995), 81-115. 

[36] Mingione G., Gradient estimates below the duality exponent, Math. Annal. 346 (2010), 571-627. 

[37] Mingione G., Nonlinear measure data problems, Milan J. Math. 79 (2011), 429-496. 

[38] Murat F., Porretta A., Stability properties, existence, and nonexistence of renormalized solu- 
tionsfor elliptic equations with measure data, Comm. Partial Differential Equations 27 (2002) 
2267-2310. 

[39] Petitta, Ponce, Porretta, New properties of p-Laplacian measure, preprint. 

[40] Perrotta A. and Primo A., Regularizing effect of a gradient term in problem involving the 
p-Laplacian operator, Advanced Nonlinear Studies 11 (2011), 221-231. 

[41] Phuc, N., Quasilinear Riccati type equations with super- critical exponents, Comm. Partial Diff. 
Equ. 35 (2010), 1958-1981. 

[42] Phuc N. and Verbitsky I., Quasilinear and Hessian equations of Lane-Emden type. Ann. of 
Math. 168 (2008), 859-914. 

[43] Phuc N. and Verbitsky I., Singular quasilinear and Hessian equations and inequalities, J. Funct. 
Anal. 256 (2009), 1875-1906. 

[44] Porretta A., Nonlinear equations with natural growth terms and measure data, E.J.D.E., Con- 
ference 9 (2002), 183-202. 

[45] Trudinger N., and Wang X., Quasilinear elliptic equations with signed measure data, Discrete 
Continuous Dyn. Systems, 23 (2009), 477-494. 



25 



